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Covariant Non-loal Chiral Quark Model and Pion-photon Transition Distribution
Amplitudes
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Using non-loal hiral quark model with simple pole ansatz for mass dependene on momentum
and non-loal urrents satisfying Ward-Takahashi identities, we alulate pion to photon transition
distribution amplitudes and relevant form fators. For vetor amplitude we reover orret normal-
ization xed by the axial anomaly. We nd that due to the non-loality in the vetor urrent, the
value of axial form fator at zero momentum transfer is lowered with respet to the vetor form fa-
tor. Suh behaviour  onsistent with experiment  is not seen in the loal models. Where possible
we ompare our results to the experimental data.
I. INTRODUCTION
Transition Distribution Amplitudes (TDA) were rstly introdued in ref. [1℄ as objets parametrizing soft part
of the amplitudes for hadron-antihadron annihilation H¯H → γ∗γ or bakward Compton sattering γ∗H → Hγ,
where the hard sale is provided by high virtuality of one of the photons. In some sense TDA's are hybrids of the
ordinary Distribution Amplitudes (DA) and Generalized Parton Distributions (GPD) (see [2℄ for a review). However,
if one restrits oneself to the mesoni ase, they are more similar to GPD's - the dierene is that we deal with
matrix elements whih are non-diagonal not only in momenta but in the physial states as well. Nevertheless, from
kinematial point of view, both are almost idential and therefore we an use similar variables as skewedness for
example. In pratie we onsider two kinds of TDA's: vetor and axial, depending on nature of the biloal quark-
antiquark operator sandwihed between photon and meson states. For experimental issues of Transition Distribution
Amplitudes see ref. [3℄.
In order to avoid omplexity of bound state physis we limit ourselves to pions only. Pions are Goldstone bosons
of broken SU(2) hiral symmetry and their properties are to large extent determined by the symmetry (breaking)
alone rather than by the omplex phenomenon of onnement. After suh simpliation, we an use the non-loal
semi-bosonized Nambu-Jona-Lasinio (NJL) model to get an insight into TDA's. On the other hand, sine Transition
Distribution Amplitudes are related to anomalous diagrams, they an serve as a demanding tester of the non-loal
models. We shall ome bak to this point later in this paper.
First estimates of TDA's were made in refs. [4, 5, 6℄. The rst one [4℄ was based on general QCD symmetries
supported by simple quark model, while the seond [6℄ and the third one [5℄ made use of Spetral Quark Model (SQM)
[7℄ and Pauli-Villars regulated NJL, respetively. The alulations in SQM respet all QCD symmetries by denition
(i.e. Lorentz invariane, Ward identities, anomalies et.). In Pauli-Villars regulated NJL model the presene of the
nite regulator [5℄ gives normalization for the vetor amplitude whih is not onsistent with axial anomaly. In [8℄ we
alulated TDA's numerially in the non-loal hiral quark model, however, sine we have used "naive" urrents we
also broke the normalization ondition of vetor TDA.
In the present paper we extend our alulations from ref. [8℄ in twofold way: we use the full non-loal verties
and obtain not only numerial but also analytial results for some of the TDA's. As a result we reover orret
normalization onditions xed by axial anomaly and give preditions for axial form fator whih is not restrited by
anomaly. Our results are here in qualitative agreement with experimental data. Sine we revised our old alulations
using dierent method we traed the mistake in the vetor amplitude, whih however does not hange qualitative
results.
The paper is organized as follows. In Setion II we review the non-loal hiral quark model and give the presription
for modied urrents. Next, in Setion III, we reall the denitions of TDA's and relevant sum rules. Setion IV
ontains our results with speial emphasis on the role of the new piees oming from the non-loal parts of the urrents.
In Setion V we investigate the relevant form fators and nally we summarize our results in Setion VI. Tehnial
details are given in the Appendies.
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2II. NON-LOCAL COVARIANT CHIRAL QUARK MODEL
In the following we use the non-loal semi-bosonized Namu-Jona-Lasinio model. It is based on the quark-pion
interation in the following form [9℄
SInt =

d4k d4l
(2π)8
ψ¯(k)
√
M (k)Uγ5(k − l)
√
M(l)ψ(l), (1)
where M (k) is dynamial quark mass appearing due to the spontaneous hiral symmetry breaking. Meson eld Uγ5
is given in terms of the pion eld as
Uγ5 (x) = exp
{
i
Fpi
τaπa (x) γ5
}
, (2)
where Fpi = 93MeV is the pion deay onstant.
One denes mass dependene on momentum as
M (k) =M F 2 (k) (3)
where form fator F (k) should vanish for k → ∞ and is hosen to satisfy F (0) = 1. Expression for F (k) was
obtained analytially in Eulidean spae from the instanton model of the QCD vauum and it is highly non trivial
[9℄. Therefore here we use the Minkowski form proposed in [10℄
F (k) =
( −Λ2n
k2 − Λ2n + iǫ
)n
, (4)
whih reprodues reasonably well the instanton result when ontinued to Eulidean spae. However, it an be also used
diretly in the Minkowski spae. Integer parameter n denes a family of models and allows to analyze a dependene of
our results on the shape of F (k). It was argued in ref. [11℄ that F (k) should vanish exponentially for large momenta
in order to be onsistent with OPE. This is another reason for introduing n parameter, whih allows to ontrol high
momentum behavior. The method of xing value of Λn is desribed below.
It is a well known fat that due to the mass dependene on momentum the standard vetor and axial urrents are
not onserved and Ward-Takahashi (WT) identities are not satised. Although it was argued in ref. [8℄ that this
violation is not very large and almost does not aet shapes of TDA's, it ertainly aets overall normalizations. It
is therefore neessary to resolve the problem of normalization if one wants to use TDA's alulated in the non-loal
model for phenomenologial estimates.
There are several ways of onstruting onserved urrents in presene of non-loal interations see refs. [12, 13, 14,
15, 16℄. However, it should be realled at this point that none of them is unique, beause urrent onservation xes
only the longitudinal part of a given vertex while the transverse one has to be modeled. In this paper we use the
simplest minimal verties satisfying WT identities. For vetor urrent jµ = ψ¯γµψ we replae γµ by the following
non-loal vertex
Γµ (k, p) = γµ + gµ (k, p) , (5)
where the non-loal addition reads
gµ (k, p) = −k
µ + pµ
k2 − p2 (M (k)−M (p)) . (6)
This form of non-loality does not introdue singularities as required by general prosperities of vetor verties [13℄.
Axial urrent jµ5 = ψ¯γ
µγ5ψ is made onserved by replaing γ
µγ5 by
Γµ5 (k, p) = γ
µγ5 + g
µ
5 (k, p) , (7)
with
gµ5 (k, p) =
pµ − kµ
(p− k)2 (M (k) +M (p)) γ5. (8)
In ontrary to the vetor vertex, the axial one ontains physial singularity orresponding to the pion.
3M = 225MeV
n = 1 Λ = 1641MeV
n = 5 Λ = 3823MeV
M = 350MeV
n = 1 Λ = 836MeV
n = 5 Λ = 1970MeV
M = 400MeV
n = 1 Λ = 721MeV
n = 5 Λ = 1704MeV
Table I: Numerial values of the model parameters obtained using Birse-Bowler formula (9) for the pion deay onstant Fpi .
For a model given by n we x Λn using the Birse-Bowler [15℄ formula for the pion deay onstant Fpi:
F 2pi =
Nc
4π2
 ∞
0
dk2E
M2 (kE)− k2EM (kE)M ′ (kE) + k4EM ′ (kE)2
(k2E +M
2 (kE))
2 (9)
with Fpi = 93MeV. Using (4) this expression an be alulated analytially - see the Appendix of [17℄. In Table I we
present Λn for given values of onstituent quark mass M and power n. Let us reall at this point that there exists
another expressions for Fpi , namely the Pagels-Stokar formula [12℄. As shown expliitly in e.g. [18℄ it aommodates
a non-loal pion-quark interation, however it orresponds to the naive axial urrent jµ5 whih, as mentioned above,
does not exhibit PCAC. On the ontrary the Birse-Bowler formula [15℄ takes into aount the non-loal axial urrent
(more preisely its derivative, whih is determined unambiguously). See ref. [18℄ for disussion.
It is important to note that Λn does not orrespond to the QCD sale harateristi for the present model. Indeed
funtion F (k) does not hange muh for dierent (n,Λn) exept for the high momentum part. Therefore, as pointed
out in [8, 20℄, the preise denition of the sale an be done only within QCD, while within an eetive model one
an only estimate the order of magnitude. For the instanton model the harateristi sale is about 600MeV [9℄. A
somewhat more detailed disussion of this issue an be found in ref. [20℄.
The non-loal model with momentum dependent quark mass given by (4) was applied in the past to several low
energy quantities (pion DA [10℄, two pion generalized DA [19℄, quark and gluon ondensates [20℄), using however
naive vetor and axial urrents. Later in ref. [18℄, pion DA with onserved axial urrent was estimated using PCAC.
Reently a set of photon DA's up to twist-4 was obtained using urrents satisfying WT identities [17℄.
Similar models with however dierent form of F (k) in (3) were also onsidered in the literature. In ref. [15℄
exponential form of F (k) was used. In refs. [21, 22, 23, 24, 25, 26℄ various distribution amplitudes and orrelators
have been studied in non-loal models similar to ours. Pion and kaon DA were alulated also in [27℄.
III. KINEMATICS AND DEFINITIONS
Relevant kinematis is very lose to the one used in GPD formalism. We onsider pion with momentum P1 and
real photon arrying momentum P2. We shall work in the hiral limit, therefore both P
2
1 = 0 and P
2
2 = 0. We dene
momentum transfer qµ = Pµ2 − Pµ1 and momentum transfer squared t = q2. Two light-like diretions are dened by
null vetors n = (1, 0, 0,−1) and n˜ = (1, 0, 0, 1). Deomposition of any vetor vµ in this basis reads
vµ = v+
n˜µ
2
+ v−
nµ
2
+ vµT , (10)
while the salar produt
u · v = 1
2
u+v− +
1
2
u−v+ − ~uT · ~vT , (11)
where arrows denote Eulidean two-vetors. Introduing average momentum p = 12 (P1 + P2) we an dene so alled
skewedness variable
ξ = − q
+
2p+
. (12)
4For massless pions −1 < ξ < 1. Swithing to the frame where the average momentum does not have transverse part,
i.e.
pµ = p+
n˜µ
2
+
p2
p+
nµ
2
(13)
we an write the following parametrizations of the pion and photon momenta
Pµ1 = (1 + ξ) p
+ n˜
µ
2
+ (1− ξ) p
2
p+
nµ
2
− 1
2
qµT (14)
Pµ2 = (1− ξ) p+
n˜µ
2
+ (1 + ξ)
p2
p+
nµ
2
+
1
2
qµT . (15)
Notie that p2 = −t/4. We denote photon polarization vetor by ε. It satises ondition ε · P2 = 0.
We an now dene TDA's. Vetor Transition Distribution Amplitude (VTDA) V (X, ξ, t) is dened as

dλ
2π
eiλXp
+
〈
γ (P2, ε)
∣∣∣∣d
(
−λ
2
n
)
Γµu
(
λ
2
n
)∣∣∣∣π+ (P1)
〉
=
i2e
2
√
2Fpip+
εµναβε∗νpαqβV (X, ξ, t) . (16)
In the axial hannel the Axial Transition Distribution Amplitude (ATDA) A (X, ξ, t) is dened as:

dλ
2π
eiλXp
+
〈
γ (P2, ε)
∣∣∣∣d
(
−λ
2
n
)
Γµ5u
(
λ
2
n
)∣∣∣∣π+ (P1)
〉
=
ie
2
√
2Fpip+
Pµ2 q · ε∗A (X, ξ, t)
+ qµq · ε∗ ie2
√
2Fpisign (ξ)
t
φpi
(
X + ξ
2ξ
)
+ . . . . (17)
Notie that we have expliitly written down the ontribution ontaining massless pole 1/t oming from the fat that
the pion an ouple diretly to the axial urrent. This part is onneted with the pion DA φpi (u). Dots stand for the
remaining parts whih vanish when ontrated with nµ [4℄.
There exist the following sum rules for TDA's
1

−1
dX
{
V (X, ξ, t)
A (X, ξ, t)
=
2
√
2Fpi
mpi
{
FV (t)
FA (t)
= 2
√
2Fpi
{
FχV (t)
FχA (t)
, (18)
where FV (t) and FA (t) are vetor and axial form fators respetively. Quantity F
χ
V,A (t) = FV,A (t) /mpi is introdued
beause we work in the hiral limit (mpi is the mass of the pion). Moreover the transition form fator for the proess
π0 → γ∗γ is related to the vetor form fator by the formula
Fpiγ (t) =
√
2FχV (t) . (19)
The value of Fpiγ for t = 0 is xed by the axial anomaly and equals
Fpiγ (0) =
1
4π2Fpi
≈ 0.272GeV−1. (20)
There is no suh a onstraint for the axial form fator. See setion V for the disussion.
IV. TDA'S IN COVARIANT NON-LOCAL MODEL
In this setion we outline some points of the alulations within the model introdued in the previous Setion and
show our results. More details are given in the Appendix A and B.
5A. Vetor TDA
In the vetor hannel diret alulation of the matrix elements gives

dλ
2π
eiλXp
+
〈
γ (P2, ε)
∣∣∣∣d
(
−λ
2
n
)
Γµ u
(
λ
2
n
)∣∣∣∣π+ (P1)
〉
= −
√
2eMNc
Fpi
(QdMµνV (X, ξ, t) +QuMµνV (−X, ξ, t)) ε∗ν , (21)
where Nc is number of olors, Qu, Qd are harges of the pertinent quarks and
MµνV =

d4k
(2π)
4 δ
(
k+ − (X − 1) p+)×
Tr {S (k + P2) Γµ (k + P2, k + P1)S (k + P1) Γ5 (k + P1, k)S (k) Γν (k + P1, k)}
with
S (p) =
1
6 p−M (p) . (22)
In the formula above quark-pion oupling reads
Γ5 (k, p) = F (k) γ5F (p) . (23)
Notie that we have used the non-loal vertex (5) also in the biloal urrents. This is neessary if one wants to
maintain WT identities.
Amplitude MµνV , due to the natural splitting of the vetor verties to loal and non-loal parts, an be divided into
four piees
MµνV =Mµν, (0)V +Mµν, (1)V +Mµν, (2)V +Mµν, (3)V . (24)
To list them we introdue shorthand notation
dˆk =
d4k
(2π)
4 δ
(
k+ − (X − 1) p+) . (25)
Then
Mµν, (0)V =

dˆkTr {S (k + P2) γµS (k + P1) Γ5 (k + P1, k)S (k) γν} (26)
orresponds to the quantities alulated in [8℄. The new piees are
Mµν, (1)V =

dˆkTr {S (k + P2) γµS (k + P1) Γ5 (k + P1, k)S (k) gν (k + P1, k)} , (27)
Mµν, (2)V =

dˆkTr {S (k + P2) gµ (k + P2, k + P1)S (k + P1) Γ5 (k + P1, k)S (k) γν} . (28)
The remaining part of MµνV is zero, simply due to vanishing of the Dira trae, Mµν, (3)V = 0.
Above deomposition, after projeting on the proper tensor strutures, leads straightforwardly to the expression
for VTDA
V (X, ξ, t) = V (0) (X, ξ, t) + V (1) (X, ξ, t) + V (2) (X, ξ, t) . (29)
The V (1)+V (2) part is the addition that is required in order to reover orret normalization. The expliit expressions,
together with some details needed to alulate V (0) analytially are given in the Appendix A.
Our results are shown in g. 1. We plot also separately the loal part V (0) and the addition V (1) + V (2) itself. We
ompare the new result with the loal version of our model alulated in [8℄. Qualitative behavior with M, ξ, n and t
is the same as in [8℄ therefore we do not disuss this further. However now the ondition oming from axial anomaly
 1
−1
V (X, ξ, t) =
1
2π2
(30)
is satised automatially for any value of n and Λ (whih does not have to be neessarily equal Λn).
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Figure 1: Vetor TDA for M = 350MeV, t = −0.1GeV2 and n = 1. a) Solid line representing full VTDA for ξ = 0.5 is the
sum of the part oming from the loal part of the vetor vertex (dotted) and the non-loal one (dashed); b) omparison of the
results of this paper for ξ = 0.5 (dashed), ξ = −0.5 (dotted) and the loal version of the model M (k) = M for ξ = ±0.5.
B. Axial TDA
For the matrix element of the axial operator we have

dλ
2π
eiλXp
+
〈
γ (P2, ε)
∣∣∣∣d
(
−λ
2
n
)
Γµ5 u
(
λ
2
n
)∣∣∣∣π+ (P1)
〉
= −
√
2eMNc
Fpi
(QdMµνA (X, ξ, t)−QuMµνA (−X, ξ, t)) ε∗ν , (31)
where
MµνA =

d4k
(2π)
4 δ
(
k+ − (X − 1) p+)×
Tr {S (k + P2) Γµ5 (k + P2, k + P1)S (k + P1) Γ5 (k + P1, k)S (k) Γν (k + P1, k)} .
This expression looks very similar to (21), however here full axial vertex Γµ5 given in (7) appears instead of the vetor
one.
Exploring this expression we nd that it has again four parts, similarly to the vetor ase. However only two of
them ontribute to the ATDA, namely:
Mµν, (0)A =

dˆkTr {S (k + P2) γµγ5S (k + P1) Γ5 (k + P1, k)S (k) γν} (32)
and
Mµν, (1)A =

dˆkTr {S (k + P2) γµγ5S (k + P1) Γ5 (k + P1, k)S (k) gν (k + P1, k)} (33)
The remaining terms are onneted with pion DA (or they are gauge artifats). This an be seen by noting that
gµ5 (k + P2, k + P1) =
qµ
t
(M (k + P2) +M (k + P1)) γ5 (34)
and omparing with denition (17). Therefore we have
A (X, ξ, t) = A(0) (X, ξ, t) +A(1) (X, ξ, t) , (35)
where again A(0) is the old part already alulated in [8℄. All further details onerning alulations are relegated to
Appendix B.
The results are shown in g. 2. It turns out that the integral over dX of A(1) (X, ξ, t) part is negative, what shifts
the value of the axial form fator towards the experimental value. For negative values of ξ the addition A(1) (X, ξ, t)
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Figure 2: Axial TDA for M = 350MeV, t = −0.1GeV2 and n = 1. a) Solid line representing full ATDA for ξ = 0.5 is the sum
of the part oming from the loal part of the vetor vertex (dotted) and the non-loal one (dashed). Dash-dotted urve is the
results for the loal model M (k) = M . b) The same for ξ = −0.5; ) results for positive ξ = 0.5, n = 1, t = −0.1GeV2 and
dierent values of M ; d) the same for negative ξ = −0.5.
has in a sense unexpeted shape, what quite drastially hanges the shape of full ATDA for ξ < 0. This eet is
weaker for lower onstituent quark masses as the addition A(1) is proportional to the third power of M/Λn. We have
heked that for any ξ (both positive and negative)
 1
−1
dX A(1) (X, |ξ| , t) =
 1
−1
dX A(1) (X,− |ξ| , t) = f (t) < 0, (36)
where f is some funtion of t only. Equation (36) is a speial ase of the polynomiality ondition, whih is satised
in our model, both for VTDA and ATDA.
V. FORM FACTORS
As already mentioned in Setion IVA vetor and transition form fators at zero momentum transfer are reprodued
orretly, as given by axial anomaly. Full result for transition form fator multiplied by momentum transfer is shown
in g. 3. We make a omparison with CELLO [28℄, CLEO [29℄ and some new BaBar data [30℄ for several values of
model parameters. Sine our approah is reliable at low momenta transfer we limited ourselves to the region of a few
GeV2. We do not use the standard dipol parametrization for the transition form fator [29℄ as a referene, beause
reent BaBar data seem to reveal dierent behavior (see also [31, 32℄). We nd that model parameters M = 300MeV
and n = 1 ts the data quite well, while low onstituent quark masses lie muh below. However, we underline that
momentum transfer around a few GeV2 an be too large to be treated within the onsidered approah.
In the ase of the axial form fator, we nd that due to the ontribution of A(1) its value at zero momentum transfer
FA (0) is lower than for the vetor one. The values of FA (0) and the relevant ratios FA (0) /FV (0) for several model
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Figure 3: Pion to photon transition form fator times momentum transfer for several model parameters versus CELLO, CLEO
and BaBar data in the 0− 8GeV2 range.
M [MeV] n FA (0) FA (0) /FV (0)
225 1 0.0217 0.80
350 1 0.0168 0.62
350 5 0.0163 0.60
400 1 0.0161 0.60
400 5 0.0152 0.56
Table II: Numerial values for axial form fator at zero momentum transfer FA (0) for dierent model parameters.
parameters are presented in Table II. We notie that when n is inreasing, the value of FA (0) is dereasing very
slowly. Therefore we onlude that FA (0) is quite robust as far as model parameters are onerned. Experimental
value given by PDG is
F expA (0) = 0.0115± 0.0005 (37)
and
(FA (0) /FV (0))exp = 0.7
+0.6
−0.2. (38)
Although our preditions are muh better then the ones obtained in loal models (with FA (0) = FV (0)) [4, 5, 6, 8℄, it
still does not agree with experimental value. Notie however that also predition for FV (0) provided by onservation
of vetor urrent and axial anomaly
FV (0) ≈ 0.027 (39)
overshoots the experimental value (PDG)
F expV (0) = 0.017± 0.008. (40)
We reall also that our alulations were done in the hiral limit. The eets due to the nite pion mass were disussed
in [5℄ within loal NJL model and turn out to be small.
VI. SUMMARY
In the present paper w have used the instanton motivated non-loal hiral quark model to ompute pion-to-photon
transition distributions amplitudes in vetor and axial hannel dened in eqs.(16) and (17). Our approah follows
losely the approah of ref. [8℄ with one important modiation. In ref.[8℄ we have used the momentum dependent
onstituent quark mass and the nonloal pion-quark interation, however, both vetor and axial urrents were not
modied to satisfy Ward-Takahashi identities. We have argued in [8℄ that suh an approah  although inonsistent
9 gives reasonable shape for the TDA's missing, however, normalization. Indeed, our present ndings onrm this
onlusion.
In order to satisfy WT identities the "naive" QCD urrents require modiations if the quark mass depends on
momentum. Suh modiations are not unique beause WT identities do not x the longitudinal part of the urrent.
In the present paper we have used the simplest possible modiations of the vetor and axial urrents given by eqs.(5)
and (7).
More importantly, we have used the nonloal vertex not only for the photon oupling to the quark loop but also for
the vetor operator dening the TDA. This modiation is not obvious for the following reason. Fatorization of the
physial proess into hard and soft parts is done in QCD in terms of the operator produt expansion and the relevant
operators entering the denition of the soft part are therefore indeed the "naive" QCD operators. In our language
this would orrespond to negletingMµν, (2)V of eq. (28). We have heked that this would lead to the violation of the
normalization ondition for VTDA. In the ase of ATDA the non-loal part of the axial urrent does not ontribute,
sine it enters the piee proportional to the pion DA  see eq.(17)  but not the ATDA itself.
Our ndings an be summarized as follows. The normalization of TDA's in the vetor hannel  whih is xed
by the axial anomaly  turns out to be orretly reprodued in our approah. At the same time normalization of
ATDA's is lowered due to the non-loal term in the vetor urrent. As a result the two normalizations are no longer
equal, as observed experimentally. The shapes of the TDA's are similar to the ones obtained in the loal model and
in the non-loal model with naive urrents. In the ase of VTDA's we observe, however, small dierene between
distributions with positive and negative ξ what was previously not the ase. ATDA's aquire negative ontribution
from the non-loal piee whih makes the dierenes between positive and negative ξ's even more profound than in
the previously onsidered models. We have also investigated dependene of TDA's on the hoie of onstituent quark
mass M and the shape of the uto funtion F (k). Dependene on the power n entering F (k) is rather weak, whereas
the dependene on M is eetively important only for ATDA for negative ξ.
We have also alulated the orresponding form fators. Axial form fator is quite robust with respet to the shape
of the mass dependene on momentum. Pion-to-photon transition form fator, whih is diretly related to the vetor
form fator, an be ompared with experimental data. We ompare it with CELLO, CLEO and reent BaBar data
in low energy regime in g.(3) and onlude that our results reprodue quite well its t dependene.
Let us nish by a remark that we have worked in the hiral limit where mpi = 0. The eets of adding small urrent
masses are expeted to be small, however, only further study an show whether they will be able to orret small
deviations from experimental values of FV,A(0). Finally the modiations of the nonloalities that are still possible
as far as longitudinal part of the urrents is onerned deserve further investigation.
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Appendix A: VECTOR TDA
In the beginning we introdue a shorthand notation in order to make the formulae more ompat: following
abbreviation
M (k) ≡Mk (A1)
and similarly for other k-dependent quantities. We reall that Mk =M F
2
k . For the inverse salar propagators we use
Dk = k
2 −M2k . (A2)
Let us now turn to VTDA. We obtained the following expressions for subsequent piees giving ontribution to
V (X, ξ, t)
V (i) (X, ξ, t) = 16iMNcp
+
(
QdI(i) (X, ξ, t) +QuI(i) (−X, ξ, t)
)
(A3)
where
I(0) (X, ξ, t) =

dˆk
FkFk+P1
Dk+P1Dk+P2Dk
×
{
F1 (Mk+P1 −Mk+P2) + F2 (Mk −Mk+P2) +Mk
}
, (A4)
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I(1) (X, ξ, t) =

dˆk
(−k2T sin2 θT ) FkFk+P1 (Mk −Mk+P2)
Dk+P1Dk+P2Dk (k · P2)
, (A5)
I(2) (X, ξ, t) = −

dˆk
(−k2T sin2 θT ) FkFk+P1 (Mk+P2 −Mk+P1)
Dk+P1Dk+P2Dk (k · q)
. (A6)
In the above formulae
F1 = −
~kT · ~qT
t (1 + ξ)
− 1
2
(X − 1) , (A7)
F2 = 2ξ
~kT · ~qT
t (ξ2 − 1) + (X − 1) (A8)
and θT is an angle between ~kT and ~qT in the transverse plane. Integration measure dˆk was introdued in eq. (25).
As an example we briey explain how to alulate I(1). Following refs. [10℄ we introdue dimensionless variables
κ = k/Λ, P¯1 = P1/Λ, P¯2 = P2/Λ, r = M/Λ and use
u1,2 =
(
κ+ P¯1,2
)2 − 1 + iǫ, (A9)
u3 = κ
2 − 1 + iǫ. (A10)
Then using (4) we have
I(1) (X, ξ, t) = − r
Λ2

dˆκ
κ2T sin
2 θT u
3n
1 u
2n
2 u
n
3
(
u2n2 − u2n3
)
(κ · P¯2)G (u1)G (u2)G (u3)
, (A11)
where
G (z) = z4n+1 + z4n − r2. (A12)
We an obviously write
G (z) =
4n+1∏
i=1
(z − ηi) , (A13)
where ηi-s are the roots of G (z) = 0 to be obtained numerially. Their properties were disussed in [10℄ and [17℄.
Then using deomposition into proper frations we obtain
I(1) (X, ξ, t) = − r
Λ2
4n+1∑
i,j,k
fifjfkαijkI˜(1)ijk (X, ξ, t) , (A14)
where
fi =
4n+1∏
j 6=i
1
(ηi − ηj) , (A15)
αijk = η
3n
i η
2n
j η
n
k
(
η2nj − η2nk
)
(A16)
and
I˜(1)ijk (X, ξ, t) =

dˆκ
κ2T sin
2 θT
κ · P¯2 (u1 − ηi) (u2 − ηj) (u3 − ηk)
. (A17)
Next we assume that this expression an be ontinued to the Eulidean spae  this is equivalent in Minkowski spae
to deformation of the dκ− integration ontour as desribed in [10, 17℄. This hoie of the ontour assures that the
results are real and analytial in Λn. The remaining parts of integrals I(0), I(2) an be transformed to a sum of
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the integrals similarly as in the ase I(1). It is onvenient to start with the dκ− integration using residue theorem.
Positions of the poles in the κ− omplex plane depend on the kinematial region and on the sign of ξ, however the
pole onneted with κ · P¯2 does not give ontribution as it should be. Physial support −1 < X < 1 splits into three
piees: −1 < X < − |ξ|, − |ξ| < X < |ξ| and |ξ| < X < 1. Integrals I(i) (X, ξ, t) are nonzero in the last two, while
I(i) (−X, ξ, t) in the rst two intervals.
In order to write down the results it is useful to introdue the following notation
g
(A)
i =
(
κ2T + 1
)
(1− ξ)− ~κT · ~qT (X + 1)− (X − 1) (1− 3ξ −X (1 + ξ)) p¯2 + (1− ξ) ηi, (A18)
g
(B)
i =
(
κ2T + 1
)
(1− ξ)− ~κT · ~qT (X − 1)− (X − 1)2 (1 + ξ) p¯2 + (1− ξ) ηi, (A19)
h
(A)
i =
(
κ2T + 1
)
ξ +X~κT · ~qT −
(
X2 − 1) ξp¯2 + ξηi, (A20)
h
(B)
i =
(
κ2T + 1
)
ξ + (X − 1) ~κT · ~qT − (X − 1)2 ξp¯2 + ξηi, (A21)
d
(AB)
ij = −2ξ
(
κ2T + 1
)− 2X ~κT · ~qT + 2 (X2 − 1) ξp¯2 + (X − ξ) ηi − (X + ξ) ηj , (A22)
d
(AC)
ij = − (1 + ξ)
(
κ2T + 1
)− (1−X) ~κT · ~qT + (1− ξ) (X − 1)2 p¯2 + (X + ξ) ηi − (X − 1) ηj , (A23)
d
(CB)
ij = (1− ξ)
(
κ2T + 1
)
+ (1−X) ~κT · ~qT + (1 + ξ) (X − 1)2 p¯2 + (X − ξ) ηi − (X − 1) ηj , (A24)
βijk = −αkji (A25)
where p¯ = p/Λ is dimensionless average momentum. Then we have
• |ξ| < X < 1
I(0) (X, |ξ| , t) = I(0) (X,− |ξ| , t) = 1
2
i r
Λp+
(X − 1)
4n+1∑
i,j,k
fifjfk

d2κT
(2π)
3
αijkF2 + αkjiF1 + η
3n
i η
4n
j η
n
k
d
(AC)
ki d
(CB)
kj
(A26)
I(1) (X, |ξ| , t) = I(1) (X,− |ξ| , t) = i r
Λp+
(X − 1)2
4n+1∑
i,j,k
αijkfifjfk

d2κT
(2π)
3
−κ2T sin2 θT
g
(B)
k d
(AC)
ki d
(CB)
kj
(A27)
I(2) (X, |ξ| , t) = I(2) (X,− |ξ| , t) = 1
2
i r
Λp+
(X − 1)2
4n+1∑
i,j,k
βijkfifjfk

d2κT
(2π)3
−κ2T sin2 θT
h
(B)
k d
(AC)
ki d
(CB)
kj
(A28)
• − |ξ| < X < |ξ|
I(0) (X, |ξ| , t) = −1
2
i r
Λp+
(X + ξ)
4n+1∑
i,j,k
fifjfk

d2κT
(2π)3
αijkF2 + αkjiF1 + η
3n
i η
4n
j η
n
k
d
(AB)
ij
(
−d(AC)ki
)
(A29)
I(0) (X,− |ξ| , t) = −1
2
i r
Λp+
(X − ξ)
4n+1∑
i,j,k
fifjfk

d2κT
(2π)
3
αijkF2 + αkjiF1 + η
3n
i η
4n
j η
n
k
d
(AB)
ij d
(CB)
kj
(A30)
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I(1) (X, |ξ| , t) = − i r
Λp+
(X + ξ)2
4n+1∑
i,j,k
αijkfifjfk

d2κT
(2π)
3
−κ2T sin2 θT
g
(A)
i d
(AB)
ij
(
−d(AC)ki
)
(A31)
I(1) (X,− |ξ| , t) = − i r
Λp+
(X − ξ)2
4n+1∑
i,j,k
αijkfifjfk

d2κT
(2π)
3
−κ2T sin2 θT
g
(B)
j d
(AB)
ij d
(CB)
kj
(A32)
I(2) (X, |ξ| , t) = −1
2
i r
Λp+
(X + ξ)
2
4n+1∑
i,j,k
βijkfifjfk

d2κT
(2π)
3
−κ2T sin2 θT
h
(A)
i d
(AB)
ij
(
−d(AC)ki
)
(A33)
I(2) (X,− |ξ| , t) = −1
2
i r
Λp+
(X − ξ)2
4n+1∑
i,j,k
βijkfifjfk

d2κT
(2π)
3
−κ2T sin2 θT
h
(A)
i d
(AB)
ij d
(CB)
kj
(A34)
Integral I(0) an be alulated ompletely analytially, however we do not present the result here to make the
paper more ompat. It should be pointed out that the analyti formulae ontain large sums of ompliated omplex
expressions  therefore it is usually more eient to perform all integrals numerially.
Appendix B: AXIAL TDA
In the axial hannel we get
A(i) (X, ξ, t) = −16iM Nc p+
(
QdJ (i) (X, ξ, t)−QuJ (i) (−X, ξ, t)
)
, (B1)
where
J (0) (X, ξ, t) =

dˆk
FkFk+P1
Dk+P1Dk+P2Dk
×
{
F1
[
Mk+P1 −Mk+P2 − 2Mk
]− F2 (Mk+P2 −Mk) +Mk + 2F3 [Mk+P1 −Mk]
}
, (B2)
J (1) (X, ξ, t) =

dˆk
FkFk+P1 (Mk −Mk+P2)
k · P2Dk+P1Dk+P2Dk
×
{
F1
[
Mk+P1Mk −Mk+P2Mk − 2k2 − 2k · p
]
+ F3
[
Mk+P1Mk+P2 −MkMk+P2 +MkMk+P1
− k2 + P1 · P2
]}
. (B3)
Funtions F1, F2 are the same as in vetor ase while
F3 =
8ξ
(
~kT · ~qT
)2
+ 2t~kT · ~qT (X − 1)
(
2ξ2 + ξ − 1)+ t (ξ2 − 1) (t (X − 1)2 (1 + ξ)− 4ξk2T)
2 (1− ξ) (1 + ξ)2 t2 . (B4)
Calulations proeed quite similarly as before, although they are more involved. However, in the ase of J (1)
additional diulty arises if one wants to obtain result for any n. Let us disuss this further.
Problemati part omes from the subterm of J (1) ontaining more then 4 powers of F (k). Using (A9),(A10) this
part reads
J (1)A (X, ξ, t) =
r3
Λ2

dˆk
un1u
2n
2
(
u2n2 − u2n1
)
(F1 + F3)
κ · P¯2G (u1)G (u2)G (u3)un3
. (B5)
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Notie that there is an additional un3 in denominator whih gives rise to multiple poles if n ≥ 2. However if n = 1
J (1)A,n=1 (X, ξ, t) =
r3
Λ2
5∑
i,j
6∑
k
fifj f˜k

dˆk
(
ηiη
4
j − η3i η2j
)
(F1 + F3)
κ · P¯2 (u1 − ηi) (u2 − ηj) (u3 − ηk)
, (B6)
where
f˜i =
5∏
j=0,j 6=i
1
(ηi − ηj) (B7)
and η0 = 0, while η1, . . . , η5 remain solutions of G = 0. In order to avoid alulating residues of the multiple poles
if n ≥ 2, we hoose to lose the ontour in suh a way that multiple pole does not lie inside. The prie we pay is
that relevant expressions beome more ompliated. Moreover, although the pole oming from κ · P¯2 does not give
ontribution to J (1), it does ontribute to J (1)A and J (1)B separately where J (1) = J (1)A + J (1)B . This fat has to be
taken into aount when we deide to hoose dierent ontours for J (1)A and J (1)B .
Now we are in a position to write the results. We use the same abbreviations as in the vetor ase, additionally we
dene:
cijk = −F1
(
βijk + 2η
3n
i η
4n
j η
n
k
)− 2F3βijk + F2αijk + η3ni η4nj ηnk (B8)
w
(A,B,C)
ijk = F1r
2βijk − F1βijkt(A,B,C) + F3r2 (αijk + βijk) + F3βijks(A,B,C), (B9)
where
t(A) =
− (1 + 2ξ)κ2T + (1 + ηi − ~κT · ~qT ) (2X − 1) + (X − 1) (X (2ξ − 1) + 1) p¯2
X + ξ
(B10)
s(A) =
− (1 + ξ)κ2T + (1 + ηi − ~κT · ~qT ) (X − 1)− (X − 1)
(
(X − 1)2 (1− ξ) + 2 (X + ξ)
)
p¯2
X + ξ
(B11)
t(B) =
(2ξ − 1)κ2T + (1 + ηj + ~κT · ~qT ) (2X − 1)− (X − 1) ((2X − 1) (1 + ξ) +X − ξ) p¯2
X − ξ (B12)
s(B) =
(−1 + ξ)κ2T + (1 + ηj + ~κT · ~qT ) (X − 1)− (X − 1)
(
(X − 1)2 (1 + ξ) + 2 (X − ξ)
)
p¯2
X − ξ (B13)
t(C) =
κ2T + (1 + ηk) (2X − 1)
X − 1 + (X − 1) p¯
2
(B14)
s(C) = 1 + ηk − 2p¯2. (B15)
We reall at this point that η0 = 0, therefore although sums below run from unity, notation like di0 makes sense.
• |ξ| < X < 1
J (0) (X, |ξ| , t) = J (0) (X,− |ξ| , t) = i r
Λp+
(X − 1)
4n+1∑
i,j,k
fifjfk

d2κT
(2π)3
cijk
d
(AC)
ki d
(CB)
kj
(B16)
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J (1)A (X, |ξ| , t) = J (1)A (X,− |ξ| , t) = −
i r3
Λp+
4n+1∑
i,j,k
fifjfk
(
ηni η
4n
j − η3ni η2nj
)  d2κT
(2π)
3
(F1 + F3)
{
(X + ξ)n+2
g
(A)
i d
(AB)
ij
(
−d(AC)ki
)(
−d(AC)0i
)n + (X − ξ)n+2
g
(B)
j d
(AB)
ij d
(CB)
kj
(
−d(CB)0j
)n + (1− ξ)n+2(
−g(A)i
)
g
(B)
j g
(B)
k
(
−g(B)0
)n
}
(B17)
J (1)B (X, |ξ| , t) = J (1)B (X,− |ξ| , t) =
i r
Λp+
(X − 1)2
4n+1∑
i,j,k
fifjfk

d2κT
(2π)
3
w
(C)
ijk
g
(B)
k d
(AC)
ki d
(CB)
kj
(B18)
• − |ξ| < X < |ξ|
J (0) (X, |ξ| , t) = − i r
Λp+
(X + ξ)
4n+1∑
i,j,k
fifjfk

d2κT
(2π)3
cijk
d
(AC)
ki d
(CB)
kj
(B19)
J (0) (X,− |ξ| , t) = − i r
Λp+
(X − ξ)
4n+1∑
i,j,k
fifjfk

d2κT
(2π)
3
cijk
d
(AB)
ij d
(CB)
kj
(B20)
J (1)A (X, |ξ| , t) = −
i r3
Λp+
4n+1∑
i,j,k
fifjfk
(
ηni η
4n
j − η3ni η2nj
)  d2κT
(2π)3
(F1 + F3) (X + ξ)
n+2
g
(A)
i d
(AB)
ij
(
−d(AC)ki
)(
−d(AC)0i
)n (B21)
J (1)A (X,− |ξ| , t) = −
i r3
Λp+
4n+1∑
i,j,k
fifjfk
(
ηni η
4n
j − η3ni η2nj
)  d2κT
(2π)
3
(F1 + F3) (X − ξ)n+2
g
(B)
j
(
−d(AB)ij
)(
−d(CB)kj
)(
−d(CB)0j
)n (B22)
J (1)B (X, |ξ| , t) = −
i r
Λp+
(X + ξ)
2
4n+1∑
i,j,k
fifjfk

d2κT
(2π)
3
w
(A)
ijk
g
(A)
i d
(AB)
ij
(
−d(AC)ki
)
(B23)
J (1)B (X,− |ξ| , t) = −
i r
Λp+
(X + ξ)
2
4n+1∑
i,j,k
fifjfk

d2κT
(2π)
3
w
(B)
ijk
g
(B)
j
(
−d(AB)ij
)(
−d(CB)kj
)
(B24)
Notie, that some of the integrals are superially divergent. Convergene is assured by the identity
4n+1∑
i=1
fiη
N
i =
{
1 forN = 4n
0 forN < 4n
, (B25)
see [17℄ for the proof and disussion.
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